IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Flux infiltration into soils: analytic solutions

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1994 J. Phys. A: Math. Gen. 27 L137
(http://iopscience.iop.org/0305-4470/27/5/006)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.68
The article was downloaded on 01/06/2010 at 22:40

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/27/5
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 27 (1994) L137-L142. Printed in the UK
LETTER TO THE EDITOR

Flux infiltration into soils: analytic solutions
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1 Dipartimento di Fisica, Universith di Roma ‘La Sapienza’, 00185 Roma, [taly and Istituto
Nazionale di Fisica Nuecleare, Sezione di Roma, Roma, Italy

{ Dipartimento di Fisica, Universitd di Perugia, 06100 Perugia, Italy and Istltuto Nazionale di
Fisica Nucleare, Sezione di Perugia, Perugia, Italy

Received 5 November 1993

Abstract. The Burgers model for flux infiliration into a semi-infinite soil is solved for generic
space-dependent initial moisture and time dependent supply rate, General formulae in terms of
quadratures are obtained for the moisture content and for the time to ponding of the soil.

The vertical non-hysteretic flow of water into soils has been described by Burgers equation
in the case both of rigid soils [1] and of swelling soils [2].

Indeed, the Burgers model provides analytic solutions which are in good agreement with
the data obtained by experimental and numerical simulations, relative to the case of rigid
{non-swelling) soils and to the preponding regime of moderately swelling soils [1,2].

Such agreement justifies the approximations of a constant diffusivity and a quadratic
conductivity~water constant relationship, which characterize the Burgers model.

However, all previous analysis treat only the case of a constant water supply rate at the
_ surface, and of a constant (and special} value for the initial moisture content.

In this letter we extend the formalism to the case of generic time-dependent rate and
space-dependent initial moisture. We obtain explicit formulae (involving only quadratures)
for the moisture content and for the time to ponding of the soil in this general case. As
a particular example, the case of a linearly increasing rate is compared with the (known)
case of a constant rate, in the situation characterized by an initfally constant moisture (in
the vertical direction), having the value at which the hydraulic conduction vanishes (see
below). We start with the flow equation describing the non-hysteric water infilration in a
rigid or slowly swelling semi-infinite one-dimensional solid medium [1, 2]:

dK
U =Dy — E}"?}Z = 9(z,7) )

where ¢ is time and z is depth. In (1) # is the dimensionless moisture ratio
& =@/(1— ) : @
with ¢ denoting the volumetric water constant.

& On leave while serving as Secretary-General, Pugwash Conferences on Science and World Affairs. Geneva-
London-Rome.
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The diffusivity D is assumed to be constant, and the hydraulic conductivity K (&) to
obey the quadratic law

k@)= —1A@® -9 (3a)
dK -
& = A=) (3b)

with A and & positive constants. The value & corresponds to the position of the maximum
in the K(#) curve [2] and depends on the particular soil under consideration. At the free
surface of the soil, z = 0, we assume that the water supply flux is a given function of time

[=D8; + K()]l,=0 = R() £ 20. &)
Moreover, we supplement (1) with a space dependent initial condition

#(z,0) = Pol2) z 2 0. (5)

Here %5(Z) is the antecedent water moisture; its value could be smaller or greater than %,
depending on the particular situation antecedent to the onset of the water supply. Insertion
of (3b) into (1) yields the evolution eguation

8, = Didy; + AW — DP9, 6)
with boundary conditions (from (3a) and (4)}
D9, + LA — 3P =—R()  atz=0. ™

‘We now introduce the dimensionless variables

Ad A%s?
L= ‘2—‘52 T = —4'b—t (8a)
with
§=10,—7 (8b)

where ¥ is a notional upper moisture value, corresponding to saturation (see below);
moreover, we set

W(E, o) = 9z, 1) — B)/3. (8¢)
In terms of the dimensioniess variables (8), the evolution equation (8) reads

W = Wy + 20k, e
with boundary condition ,

U0, 7) + W (0, T) = —F(1) 20 (10a)

F(r) = [2/(As]R () (10)
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and initial condition
W, 0) = Wo(¢) = [Bolz) - BYS ¢ 20 o

The initial/boundary value problem (9-11) is now solved by introducing the generalized
Hopf-Cole transformation [3]

p i .

el 1) = C(r)‘l'(s“,r)ew[fo dg'w(g', r)] (12a)
oM

(g, ) = @z, r)/(C(r)-l-fo ds"@(s",r)) (126)

C=1. {12¢)

It is easily seen that this transformation maps (9} into

Yz = Pre (13a)
C() =0, 7). (13b)

Moreover, the boundary condition {10z) and the initial condition (11) are mapped into the
boundary condition

e (0, 1) = C)(¥ (0, 7) + w20, 7)) = —C () F (z) 1)
and into the initial condition

:
®(¢, 0) = (L) exp[fo dr:’%(;“’}:|- (15

It is immediately seen that (135) and (14} imply for the unknown function C{z) the evolution
equation

C(t)

O —F(T) : (16)

which, once integrated with the initial condition (12¢), gives
T
C(t) =exp [ - f dr’ F(r’)] (7
0 .

The solution @{f, v) of the linear equation (13a) with boundary condition (14) and initial
condition (15), can explicitly be obtained via the Fourier transform (originally invented just
for this purpose!). It reads [4]

olt,7) = (L, 7) - fo v [ (x — N2 expl—2 /A — T (18)
with

(g, 7) = (xr)"? fo dn(tn/2n) expl=@2 + P Al (19)
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with C(z) give by (I7) and ¢@p(n) given by (15).

The solution ¢(£, ) of the nonlinear equation (9) can finally be recovered from (125),
(17), (18) and (19).

We now turn our attention to the determination of the time fo ponding f,. The
phenomenon of ponding at the soil surface can be observed for example during rainfall,
when the rainfail rate exceeds the transport rate of water away from the soil surface; the
latter is governed by the nonlinear convection term in (1).

In our formalism, after some time ¢'= ¢, from the onset of the water supply the moisture
ratio at the soil surface z = ¢ == 0 will eventually attain the saturation level &;; ponding of
free water will then occur at the soil surface for ¢ > .

In our dimensionless units, we obtain from (8¢) and (85)

W0, %) = '}"—;—’3 =1 20)

Equation {12¢) then gives

{0, rp) = C(rp) (21)
which in turn implies via (18) and (1%)

I .
w(0, ) = f de{n(r — "¢ (7) 22a)
o
with
o0
w0, 5) = e ™2 [ dn exp(—of (. @2)

From these formulae there obtains the equation that determines the time to ponding z,:
o0
()~ fo dn exp(—1/4%)po(n)

= exp [ - for" drF(r):| _ f;" dr [ (xp — 1)V E (1) exp [— fur dr’F(r’)] .
(23)

Let us note that this equation contains as input data only the initial moisture configuration
wo(C) (see (13), (11) and (8)) and the rate of water supply at the surface F(z) (see (10) and
(8.

In this special case in which the initial condition for the moisture of the soil is constant
and coincides with the value & at which the hydraulic conductivity K (#) vanishes (see (3)),
so that

#e({) =0 (24)

(see (15) and (11)), the formula (23) can be rewritten in the following neater form:

f " delw(r, — ) PF () exp [ f ? dr’F(r’):I =L (25)
0

T
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This is the only case treated previously, with the additional assumption that the water supply
flux R(z) be time-independent

R(r)=R. (264)
In this case (see 108}
F(t)y=F =[2/(A8H]IR (266)

is also constant, and (25) reduces, of course, to the previously formula [2]

— i(FY PEefli(Fr,)' %) = 1 ' (27a)
where
— Brf(iy) = 272y 2" @20 + Dt ' (275)
n=0

is 2 regular, real function of y.

TTTTIT

10

LU RELLL BN ERLLY BN LR ELLL TR L |

BRRRLLL

—4
10

L V] lll!]ll i l!lll!l' 1
10"2 10" H 10 102

3

PR gl v v sl

Figure 1. The time to ponding 1, and the total amount of fallen water 0 as a function of the
average water flux £, Dotted line: constant flux {see (26)}. Solid line; linearly increasing flux
(see (28)).
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To make a comparison with the previously known case, we keep the condition (24) but
we assume the water supply rate to grow linearly from an initially vanishing value:

R(ty =kt (28a)
Fioy=kr (28h)
k= [2/(A8D)]k. (28¢)

Then (24) yields
k=
& f "dr [m(5 — DI rexplih (2 — 1] = L. (29)
0

Equations (27) and (29) can be easily solved numerically. To compare the two cases,
we plot in figure 1 the time to ponding 7, as a function of the average water fiux F up to
ponding

F=g f " dr F (), (30)
1]

Of course in the case of a constant flux, F coincides with the value (26b).
In figure 1 we also plot for the two cases the total amount @ of the water fallen up to
the time T, : -

0 = Fr,.

As expected, figure | shows that the time to ponding v, is a rapidly decreasing function
of the water amount at the inlet. The decrease, however, is faster in the case of a constant
supply rate.
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